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Cuspidal Multiple Structures on Smooth
Algebraic Varieties as Support
Nicolae Manolache
This paper is dedicated to S¸erban Basarab on his 70th Anniversary
1 Introduction
The aim of this paper is to describe two new classes of locally complete intersec-
tion (lci for short) nilpotent structures on a smooth algebraic variety as support,
which we call cuspidal of types C2,n, C3,n. We recall the known classes: 1) “prim-
itive or “quasiprimitive” structures constructed in [BF1], [BF2], and studied by
several authors (cf. [Bo], [Dr] ) (given locally – respectively in the general point
– by ideals of the form (xn, z1, . . . zr) ) and 2) “next“ locally monomial case,
constructed in [M4], where a class of multiple structures which contains the lci
multiple structures defined locally by an ideal of the shape (xn, y2, z1 . . . zr) is
studied.
The two classes of lci structures on a smooth algebraic variety as support
studied here are characterized by ideals which locally have the form (y2 +
xn, xy, z1, . . . , zr) respectively (y
3 + xn, xy, z1, . . . , zr), in convenient local pa-
rameters x, y, z1, . . . zr.
2 Preliminaries
Let X be a smooth connected algebraic variety over an algebraically closed
field k and a locally Cohen-Macaulay scheme Y such that Yred is X . In this
case Y is called a multiple structure on X and all local rings of Y have the same
multiplicity (cf. [M1]), which is called the multiplicity of Y . Let Y be embedded
in a smooth variety P . To Y one associates canonically three filtrations. Let
I be the (sheaf) ideal of X in P and J be the ideal of Y in P . Let m be the
positive integer such that Im 6⊂ J , Im+1 ⊂ J . The three filtrations are:
1. Let I(ℓ) be the ideal obtained throwing away the embedded components of
Iℓ + J and let Zℓ be the corresponding scheme. This gives the Ba˘nica˘-Forster
filtration (cf. [BF2]):
OY = I
(0) ⊃ I = I(1) ⊃ I(2) ⊃ . . . ⊃ I(m) ⊃ I(m+1) = 0
X = Z1 ⊂ Z2 ⊂ . . . ⊂ Zm ⊂ Zm+1 = Y
1
Zℓ are not, in general, Cohen-Macaulay. But this is true if dim(X) = 1. The
graded associated object B(Y ) =
⊕m
ℓ=0 I
(ℓ)/I(ℓ+1) is naturally a graded OX -
algebra. If the schemes Zℓ are Cohen-Macaulay, the graded components of B(Y )
are locally free sheaves on X .
2. Let Xℓ be defined by Iℓ = J : I
m+1−ℓ. Again, if dim(X) = 1, Xℓ are Cohen-
Macaulay. This is also true if Y is lci (i.e. locally complete intersection) of
multiplicity at most 6 (cf. [M2]). In general this is not always the case. When
Xℓ are Cohen-Macaulay, the quotients Iℓ/Iℓ+1 are locally free sheaves on X .
This filtration was considered in [M1].
3. Let Yℓ be the scheme given by Jℓ = J : Im+1−ℓ = J : (J : I
ℓ). When
Xℓ is Cohen-Macaulay, Yℓ has the same property. The graded object A(Y ) =⊕m
ℓ=0 Jℓ/Jℓ+1 is a graded OX -algebra and M(Y ) =
⊕m
ℓ=0 Iℓ/Iℓ+1 is a graded
A(Y )-module. This filtration was considered in [M2].
The system of the graded components (A0(Y ), . . .Am(Y );M0(Y ), . . .Mm(Y ))
is called the type of Y . Y is called of free type when all the graded pieces are
locally free. As already remarked, in dimension 1, or if Y is lci of multiplicity
up to 6, this is the case.
Recall some properties:
1) In general the above filtrations are different. Take for instance X =
Spec(k), Y = Spec(k[x, y]/(x3, xy, y4)), P = Speck[x, y]
2) Zℓ ⊂ Yℓ ⊂ Xℓ
2’) there are canonical morphisms: B(Y )→ A(Y )→M(Y )
3) The multiplications
Aℓ1 ⊗Aℓ2 → Aℓ1+ℓ2
Aℓ1 ⊗Mℓ2 → Mℓ1+ℓ2
are never the zero morphisms for ℓ1, ℓ1 ≥ 0, ℓ1 + ℓ2 ≤ m (cf. [M2].
4) There are canonical edge morphismsMm−1 → A1
5) One has the exact sequences:
0→Mℓ(Y )→ OXℓ+1 → OXℓ → 0
0→ Aℓ(Y )→ OYℓ+1 → OYℓ → 0
6) If Y is Gorenstein of free type, thenXℓ and Ym+1−ℓ are locally algebraically
linked (cf. [M1]. In particular one has the exact sequences:
0→ ωXm+1−ℓ ⊗ ω
−1
Y → OY → OYℓ → 0
0→ ωYm+1−ℓ ⊗ ω
−1
Y → OY → OXℓ → 0
7) Duality. Let Y be a free type Cohen-Macaulay multiple structure on a
smooth support X .
Then Y is Gorenstein if and only if the following conditions are fulfilled:
a) Am and Mm are line bundles
(b) Am =Mm
(c) The canonical morphisms:
Aℓ → HomOX (Mm−ℓ,Mm)
∼=M∨m−ℓ ⊗Mℓ
2
are isomorphisms (cf [M3])
7’) In particular: if Y is Gorenstein of free type, then (cf also [M2]):
(a) rank Aℓ(Y) = rankMm−ℓ(Y)
(b) Aℓ(Y ) =Mℓ(Y ) iff rank Aℓ(Y) = rank Am−ℓ(Y)
In this paper all the schemes are algebraic schemes over a fixed algebraically
closed field k, of characteristic 0.
3 Cuspidal Multiple Structures
Definition 1. Let X be a smooth variety embedded in a smooth one P . Suppose
codimPX ≥ 2. We say that a nilpotent scheme structure Y ⊂ P on X is a
cuspidal nilpotent structure (of type Cm,n) if, in any point p ∈ X, there are
local parameters such that the completed local rings have the following shape:
Ôp,X ∼= k[[u1, . . . , ud]],
Ôp,P ∼= k[[u1, . . . , ud, x, y, z1, . . . , zr]]
Ôp,Y ∼= k[[u1, . . . , ud, x, y, z1, . . . , zr]]/(y
m + xn, xy, z1, . . . , zr) ,m ≤ n
In the following all local shapes of various ideals are considered in Ôp,X .
3.1 C2,n
We assume n ≥ 3. The case n = 2 is treated in [M1], [M2]. In the following one
denotes z = (z1, . . . , zr). If Y is a cuspidal nilpotent structure of type C2,n on
X ⊂ P , then the canonical filtrations, look locally:
J : I0 = J = In+1 J : (J : I
0) = O
J : I1 = (xn, xy, y2, z) = In J : (J : I
1) = (x, y, z) = J = J1
J : I2 = (xn−1, y, z) = In−1 J : (J : I
2) = (x2, xy, y2, z) = J2
J : I3 = (xn−2, y, z) = In−2 J : (J : I
3) = (x3, xy, y2, z) = J3
...
...
J : In−1 = (x2, y, z) = I2 J : (J : I
n−1) = (xn−1, xy, y2, z) = Jn−1
J : In = (x, y, z) = I = I1 J : (J : I
n) = (xn, xy, y2, z) = Jn
J : In+1 = O = I0 J : (J : I
n+1) = J = Jn+1
Let Xℓ be the scheme defined by Iℓ and Yℓ the scheme defined by Jℓ. Then
I1/I2 = L is a line bundle on X and the scheme X2 defined by I2 is a double
structure on X . Observe that L ⊗ L = I/I2 ⊗ I/I2
multiplication
−−−−−−−−−→ I2/II2 is
surjective, so an isomorphism L2 ∼= I2/II2. As the morphism I
2/II2 → I2/I3
is a surjection between locally free rank 1 sheaves on X , it follows I2/I3 ∼= L
2.
In a similar way one shows Iℓ/Iℓ+1 ∼= I
ℓ/Iℓ−1I2 ∼= L
ℓ for ℓ = 3, . . . , n − 2.
E′ := In−1/In is obviously a rank 2 vector bundle on X and In/In+1 = L
n. So:
MY = OX ⊕ L⊕ . . .⊕ L
n−2 ⊕ E′ ⊕ Ln .
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Analogously:
AY = OX ⊕ E ⊕ L
2 ⊕ . . .⊕ Ln ,
where E = J/J2, L
ℓ = Jℓ/Jl+1, ℓ = 2, . . . , n.
In almost all degrees, the canonical morphismAY →MY is an isomorphism.
The exceptions are the surjection (AY )1 = E → L = (MY )1 and the injection
(AY )n−1 = L
n−1 → E′ = (MY )n−1. We denote by K the kernel of E → L, so
K = I2/J2. The duality Mℓ ∼= A
∨
n−ℓ ⊗ L
n gives E′ ∼= E∨ ⊗ Ln. The canonical
morphismMn−1 → A1 completes to the exact sequence:
0→ Ln−1 → E′ → E → L → 0
‖ ‖ ‖ ‖
0→ (x
n−1,xy,y2,z)
(xn,xy,y2,z)
→ (x
n−1,y,z)
(xn,xy,y2,z)
→ (x,y,z)
(x2,xy,y2,z)
→ (x,y,z)
(x2,xy,y2,z)
→ 0
This decomposes into two exact sequences:
0 → Ln−1 → E∨ ⊗ Ln → K → 0
0 → K → E → L → 0
and so K2 ∼= Ln .
A necessary condition, less obvious, is given next:
Lemma. If a cuspidal structure Y of type C2,n does exists on X ⊂ P , with E, L, K
as above, then one should have an exact sequence:
0→ L→ E → K → 0
Proof. As K ∼= I2/J2, the multiplication gives: K ⊗K ∼= I2/J2 ⊗ I2/J2 → I
2
2/I2J2
which is a surjective morphism of locally free rank one sheaves on X, hence an iso-
morphism.
As the morphism I22/I2J2 → II2/(I
2 ∩J3) is also a surjective morphism of locally free
rank 1 sheaves on X, it is also an isomorphism. So: K2 ∼= II2/(I
2 ∩ J3).
Similarly one shows: E ⊗K ∼= I/J2 ⊗ I2/J2 ∼= II2/IJ2.
As IJ2 ⊂ I
2 ∩ J3 we get the exact sequence:
0→
I2 ∩ J3
IJ2
→
II2
IJ2
→
II2
I2 ∩ J3
→ 0
It is easy to show that the first nonzero term of this sequence is isomorphic to L⊗K.
Indeed, the multiplication gives : L⊗K ∼= I/I2⊗ I2/J2 → II2/(IJ2+ I
2
2 ), which must
be an isomorphim, being a surjection of locally free rank 1 sheaves on X. Moreover:
I2 ∩ J3 ⊂ II2, so that one has a morphism:
I2 ∩ J3
IJ2
→
II2
IJ2 + I22
.
which is again a surjection between locally free rank 1 sheaves on X, and so an iso-
morphism. So far we get an exact sequence:
0→ L⊗K → E ⊗K → K2 → 0 ,
where from the exact sequence of the lemma. 
Conversely:
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Theorem. Let X ⊂ P be two smooth varieties, codimPX ≥ 2. Let I be the sheaf-ideal
of X in P . All cuspidal nilpotent structures of type C2,n on X, embedded in P can be
obtained in the following way:
Step 1. Give two line bundles L, K on X, satisfying Ln ∼= K2 and an extension 0→
K
ι
−→ E
π
−→ L→ 0 , such that there exists also an extension 0→ L→ E → K → 0.
Step 2. Give two surjections p2 : I/I
2 → E, q2 : I/I
2 → L such that the diagram :
I/I2
p2−→ E
‖ ↓ π
I/I2
q2−→ L
is commutative. Take J2 = ker(I → I/I
2 → E), I2 = ker(I → I/I
2 → L). Then K ∼=
I2/J2, K ⊗ E ∼= II2/IJ2, and, in convenient ”local coordinates”, J2 = (x
2, xy, y2, z),
I2 = (x
2, y, z).
Step 3. Give a retract q3 of the canonical inclusion L
2 ∼= I2/II2 →֒ I2/II2, give
p3 : J2/IJ2 → L
2 a surjection which makes commutative the diagram
J2/IJ2
p3 //

L2 // 0
I2/II2
q3 // L2 //
∼=

0
I/II2
2 R
ddHHHHHHHHH
and take J3 = ker(J2 → I/IJ2 → L
2), I3 = ker(I2 → I/II2 → L
2). Then, in
convenient local coordinates, J3 = (x
3, xy, y2, z), I3 = (x
3, y,z), and
K ∼= I3/J3, E ⊗K ∼=
II3
IJ3
.
...
Step ℓ, ℓ = 4, . . . , n − 1. Give a retract qℓ of the canonical inclusion L
ℓ−1 ∼=
Iℓ−1/Iℓ−2I2 →֒ Iℓ−1/IIℓ−1, give pℓ : Jℓ−1/IJℓ−1 → L
ℓ−1 a surjection which makes
commutative the diagram:
Jℓ−1/IJℓ−1
pℓ //

Lℓ−1 // 0
Iℓ−1/IIℓ−1
qℓ // Lℓ−1 //
∼=

0
Iℓ/Iℓ−1I2
3 S
ffMMMMMMMMMMM
and take Jℓ = ker(Jℓ−1 → Jℓ−1/IJℓ−1 → L
ℓ−1), Iℓ = ker(Iℓ−1 → Iℓ−1/IIℓ−1 → L
ℓ−1).
Then, in convenient ”local coordinates“, Jℓ = (x
ℓ, xy, y2, z), Iℓ = (x
ℓ, y, z), K ∼= Iℓ/Jℓ
E ⊗K ∼=
IIℓ
IJℓ
∼=
(xℓ+1,xy,y2,xz,yz,z2)
(xℓ+1,x2y,xy2,y3,xz,yz,z2)
.
...
5
Step n. Suppose first n ≥ 4. Then give a retract pn of the canonical inclusion L
n−1 ∼=
In/In−2I2 →֒ Jn−1/IJn−1. Take Jn = In = ker(Jn−1 → Jn−1/IJn−1 → L
n−1). Then
IIn−1 ⊂ Jn ⊂ In−1, and Jn/IIn−1 → In−1/IIn−1 is injective. Denote by E
′ the
cokernel of this morphism. Then E′ is a vector bundle of rank 2.
If n = 3, Ln−1 = L2 is no longer a subbundle of Jn−1/IJn−1 = J2/IJ2. The morphism
p3 is chosen such that the following diagram to be commutative:
J2/IJ2
p3 //

L2 //mM
||xx
xx
xx
xx
0
I2/II2
and then proceed as in the case n ≥ 4. In local convenient coordinates Jn = In =
(xn, xy, y2, z)
Step n+1. The morphism
K ⊗K ∼= (I2/J2)⊗ (In−1/Jn−1)
multiplication
−−−−−−−−−→ I2In−1/(I2Jn−1 + In−1J2)
is a surjection of locally free rank 1 sheaves, hence an isomorphism.
Take pn+1 : In/IIn → L
n ∼= K2 a retract of the canonical inclusion Ln ∼= In/In−1I2 →֒
In/IIn and of the canonical inclusion K
2 ∼= I2In−1/(I2Jn−1 + In−1J2) →֒ In/IIn.
Then, locally, in convenient coordinates, Jn+1 ∼= (y
2 + xn, xy,z), so that Jn+1 defines
a C2,n cuspidal multiple structure Y ⊂ P on X.
Proof. All we have to do is to carefully verify, mainly by computation, the assertions
made in the theorem.

3.2 C3,n
We assume n ≥ 4. The case n = 3 is treated in [M2].
If Y is a cuspidal nilpotent structure of type C3,n on X ⊂ P , then the canonical
filtrations look locally:
J : I0 = J = In+1 J : (J : I
0) = O
J : I1 = (xn, xy, y3, z) = In J : (J : I
1) = (x, y, z) = J = J1
J : I2 = (xn−1, xy, y2, z) = In−1 J : (J : I
2) = (x2, xy, y2, z) = J2
J : I3 = (xn−2, y, z) = In−2 J : (J : I
3) = (x3, xy, y3, z) = J3
...
...
J : In−1 = (x2, y,z) = I2 J : (J : I
n−1) = (xn−1, xy, y3, z) = Jn−1
J : In = (x, y, z) = I = I1 J : (J : I
n) = (xn, xy, y3, z) = Jn
J : In+1 = O = I0 J : (J : I
n+1) = J = Jn+1
Let Xℓ be the scheme defined by Iℓ and Yℓ the scheme defined by Jℓ.
One shows that the associated graded objects have the shape:
MY = OX ⊕ L⊕ L
2 ⊕ . . .⊕ Ln−3 ⊕ F ′ ⊕ E′ ⊕ Ln .
Analogously:
AY = OX ⊕ E ⊕ F ⊕ L
3 ⊕ . . .⊕ Ln ,
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where Lℓ = Iℓ/Iℓ+1 ∼= I
ℓ/Iℓ−1I2, ℓ = 1, . . . , n − 3, F
′ = In−2/In−1, E
′ = In−1/In,
E = I/J2, F = J2/J3. L
ℓ = Jℓ/Jl+1, ℓ = 3, . . . , n.
The canonical morphism AY →MY is an isomorphism in all degrees except degrees
1, 2, n− 2, n− 1. We analyze these situations:
Degree 1: The morphism E → L is an epimorphism, and let K be the kernel, i.e.
K := I2/J2.
Degree 2: One proves easily S2E ∼= I2/IJ2, E ⊗K ∼= II2/IJ2, K
2 ∼= I22/I2J2. Also,
the canonical morphism I22/I2J2 → II2/I
2 ∩ J3 is a surjection between two locally
free rank 1 sheaves, i.e. an isomorphism. Moreover, the surjectivity of the canonical
morphism II2/I
2 ∩ J3 → I3 ∩ J2/J3 gives a new expression of K
2. Summing up:
K2 ∼= I22/I2J2 ∼= II2/I
2∩J3 ∼= I3∩J2/J3. The multiplication in AY gives a morphism:
S2E → F , which completes to an exact sequence:
0→ I2 ∩ J3/IJ2 → I
2/IJ2 → J2/J3 → 0
Observe that L ⊗ K ∼= II2/(I
2
2 + IJ2), and, as I
2 ∩ J3 ⊂ II2, one has a canonical
morphism I2 ∩ J3/IJ2 → II2/(IJ2 + I
2
2 ), which, as a surjective morphism of locally
free rank 1 sheaves, is an isomorphism. The above exact sequence becomes:
0→ L⊗K → S2E → F → 0 .
The canonical surjection E → L gives the surjection S2E → L2, which complepro-
ducestes to the exact sequence:
0→ II2/IJ2 → I
2/IJ2 → I
2/II2 → 0
i.e.
0→ E ⊗K → S2E → L2 → 0 .
One has the exact sequence:
0→ I3 ∩ J2/J3 → J2/J3 → I2/I3 → 0 ,
which translates to:
0→ K2 → F → L2 → 0.
This fits in the commutative diagram:
S2E
 !!
DD
DD
DD
DD
0 // K2 //
. 
<<zzzzzzzz
F // L2 // 0
Degree n−2: We have to analyze Ln−2 → F ′. This morphism is injective and completes
to the exact sequence:
0→
Jn−2
Jn−1
→
In−2
In−1
→
In−2
Jn−2 + In−1
→ 0 .
As the surjective morphism between locally free rank 1 sheaves, In−2/(Jn−2+In−1)→
I2/J2 must be an isomorphism, the above exact sequence is in fact:
0→ Ln−2 → F ′ → K → 0
Dualizing this sequence and tensoring with Ln, one obtains:
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0→ K∨ ⊗ Ln → F → L2 → 0
Comparing with an exact sequence from above, one gets K∨ ⊗ Ln ∼= K2, i.e.
K3 ∼= L
n .
Degree n − 1: We have to analyze the morphism Ln−1 → E′. This completes to the
exact sequence:
0→ Jn−1/Jn → In−1/In → In−1/(Jn−1 + In)→ 0 ,
i.e. :
0→ Ln−1 → E′ → K2 → 0
which, dualizing and tensoring with Ln gives the exact sequence:
0→ K−2 ⊗ Ln → E → L→ 0 .
One obtains again K3 ∼= Ln.
Conversely:
Theorem. Let X ⊂ P be two smooth varieties, codimPX ≥ 2. Let I be the sheaf-ideal
of X in P . All cuspidal nilpotent structures of type C3,n on X, embedded in P can be
obtained in the following way:
Step 1. Give two line bundles L, K on X, satisfying Ln ∼= K3 and an extension
0 → K
ι
−→ E
π
−→ L → 0 . The exact sequence gives rise to an injection K2 →֒ S2E
and a surjection S2E → L2. Give an extension 0 → K2 → F → L2 → 0 and a
surjection S2E → F such that the second extension fits in the commutative diagram:
S2E
 !!
DD
DD
DD
DD
0 // K2 //
. 
<<zzzzzzzz
F // L2 // 0
Step 2. Give two surjections p2 : I/I
2 → E, q2 : I/I
2 → L, such that the following
diagram is commutative:
I/I2
p2 // E //

0
I/I2
q2 // L // 0
Take J2 = ker(I → I/I
2 → E), I2 = ker(I → I/I
2 → L). Then K ∼= I2/J2, K ⊗ E ∼=
II2/IJ2, and, in convenient local coordinates J2 = (x
2, xy, y2, z), I2 = (x
2, y,z).
Step 3. Observe that: S2E ∼= I2/IJ2 →֒ J2/IJ2. Give surjections p3 : J2/IJ2 → F ,
q3 : I2/II2 → L
2 such that the following diagram is commutative:
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I22/I2J2 = K
2
_

 u
((Q
QQ
QQ
QQ
QQ
QQ
QQ
S2E ∼= I2/IJ2
I i
vvmm
mm
mm
mm
mm
mm
m
%%K
KK
KK
KK
KK
KK
J2/IJ2
p3 //

F //

0
I2/II2
q3 // L2 // 0
Take J3 = ker(J2 → J2/IJ2 → F ), I3 = ker(I2 → I2/II2 → L
2). In convenient local
coordinates: J3 = (x
3, xy, y3, z), I3 = (x
3, y,z)
Step 4. Take q4 a retract of the canonical injection L
3 ∼= I3/I2I2 →֒ I3/II3 and a
surjection p4 : J3/IJ3 → L
3 such that the following digram is commutative:
J3/IJ3
p4 //

L3 // 0
I2/II2
q4 // L3 // 0
Take J4 = ker(J3 → J3/IJ3 → L
3), I4 = ker(I3 → I3/II3 → L
3). Then, in convenient
local coordinates: J4 = (x
4, xy, y3, z), I4 = (x
4, y, z).
...
Step ℓ, ℓ ≤ n− 2. With Jℓ−1 = (x
ℓ−1, xy, y3, z), Iℓ−1 = (x
ℓ−1, y, z), take qℓ a retract
of the canonical injection Lℓ−1 ∼= Iℓ−1/Iℓ−2I2 →֒ Iℓ−1/IIℓ−1 and pℓ such that the
following diagram is commutative:
Jℓ−1/IJℓ−1
pℓ //

Lℓ−1 // 0
Iℓ−1/IIℓ−1
qℓ // Lℓ−1 // 0
It follows: Jℓ = (x
ℓ, xy, y3, z), Iℓ = (x
ℓ, y,z).
...
Step n-1. From the previous step we have Jn−2 = (x
n−2, xy, y3, z), In−2 = (x
n−2, y, z).
Dualizing the extension which gives F and tensoring with Ln, one gets the exact se-
quence:
0→ Ln−2 → F ′ → K → 0 .
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Take pn−1 : Jn−2/IJn−2 → L
n−2 to be a retract of the canonical embedding Ln−2 ∼=
In−2/In−3I2 →֒ Jn−2/IJn−2 and qn−2 such that the following diagram is commutative:
Jn−2/IJn−2
pn−1
//

Ln−2 // _

0
In−2/IIn−2
qn−1
// F ′ // 0
Take Jn−1 = ker(Jn−2 → Jn−2/IJn−2 → L
n−2) and In−1 =
ker(In−2 → In−2/IIn−2 → L
n−2). It follows that, in convenient local coordinates:
Jn−1 = (x
n−1, xy, y3, z) and In−1 = (x
n−1, xy, y2.xz, yz,z2)
One shows easily:
In−2
Jn−2 + IIn−2
∼= K
Step n. Take pn : Jn−1/IJn−1 → L
n−1 to be a retract of the canonical embedding
Ln−1 ∼= In−1/In−1I2 →֒ Jn−1/IJn−1. Take Jn = In = ker(Jn−1 → Jn−1/IJn−1 →
Ln−1). Then, in convenient local coordinates : Jn = In ∼= (x
n, xy, y3, xz, yz, z2) and
E′ ∼= In−1/In.
Step n+1. Take pn = qn : In/IIn → L
3 ∼= K3 to be a retract of the canonical
injections: Ln ∼= In/In−1I2 → Jn/IJn and K
3 ∼= I22In−2/(I2J2In−2 + I
2
2Jn−2 +
II22In−1) → In/IIn. Then Jn+1 = In+1 = ker(Jn → Jn/IJn → L
n) is a nilpotent
structure on X of type C3,n.
Proof. Like in the previous case, one has to verify step by step all assertions.

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